Abstract. Let G be a locally compact abelian group. A function ω : G → [1, ∞) is said to be a weight if it is locally bounded, Borel measurable and submultiplicative. We call a weight ω on G semi-bounded if there exist a constant K and a subsemigroup S with S − S = G, such that ω(s) ≤ K and lim
Introduction
Let A be a commutative Banach algebra and denote by ∆(A) its Gelfand space.
A is called regular if for every closed subset E ⊂ ∆(A) and every point M /
∈ E there exists an element f ∈ A such thatf ≡ 0 on E andf (M ) = 0, wheref is the Gelfand transform of f. We say that A satisfies Ditkin's condition at M ∈ ∆(A) if for each f ∈ A withf (M ) = 0 there exists a sequence (f n ) ⊂ A such that f n ≡ 0 in a neighbourhood V n of M and f f n → f in the norm of A. Further, A satisfies Ditkin's condition at infinity if the subalgebra of all f ∈ A whose Gelfand transformsf have compact support is norm dense in A. The algebra A is called a Ditkin algebra if it satisfies Ditkin's condition at every point of ∆(A) and at infinity.
The importance of the Ditkin condition resides in the well-known fact that closed subsets with scattered boundary of the maximal regular ideal space of a regular semisimple Banach algebra satisfying the Ditkin condition are sets of spectral synthesis (see [12, p.225] , [14, p.86] and [8] ). Recently, Bade and Dales have found its applications to the automatic continuity of epimorphisms (see [5, Theorem 2.3] ).
The group algebra L 1 (G) of a locally compact abelian (LCA) group G is a Ditkin algebra. This is a standard result in harmonic analysis; apart from this example however, only relatively few subalgebras of L 1 (G) are known to satisfy Ditkin's condition, e.g.
• the Segal algebras [17, pp. 92-93] ;
• the Beurling algebras L 1 (R n ; ω α ) and L 1 (Z n ; ω α ), where 0 ≤ α < 1 and ω α (t 1 , ..., t n ) := ( • the Beurling algebras L 1 (R; ω) and L 1 (Z; ω), where the weight ω is uniformly bounded on [0, +∞) and lim n→+∞ n − 1 2 log ω(−n) = 0 (see [20, Cor. 3.5] ). For all these algebras the Ditkin condition was checked by classical methods involving the construction of functions with certain special properties. In this paper, we will extend this list by introducing axiomatically a class of subalgebras of L 1 (G) whose members turn out to be Ditkin algebras. This class contains the Segal algebras and many Beurling algebras that were not previously known to satisfy Ditkin's condition. Our approach is novel, and is based on functional analytic methods.
The paper is organized as follows. In Section 1 we recall some facts from the spectral theory of non-quasianalytic group representations. In Section 2 we prove our main results.
Spectral theory of non-quasianalytic representations of LCA groups
In this section we briefly recall some well-known facts concerning measure algebras, Beurling algebras, and spectral theory of representations of LCA groups on a Banach space. We refer to [10] , [14] , [12] or [3] for the basic theory of LCA groups and Banach algebras.
Let G be an LCA group with unit element e. A weight ω on G is a function ω : G → [1, ∞) which is locally bounded, Borel measurable and submultiplicative in the sense that
Let M (G) be the measure algebra of all bounded, regular Borel measures on G, with convolution as multiplication. For a weight ω on G, the subalgebra M ω (G) is defined as
It follows from Lebesgue's decomposition theorem that L 
This generalizes a theorem of Beurling [4, Theorem V B] for G = R. It follows that if ω is an n.q.a. weight on G, then the ideal
whereĜ is the dual group of G. Let X be a (complex) Banach space. We denote by L(X) the Banach space of all bounded linear operators on X. A continuous algebra homomorphism Φ :
is called a non-quasianalytic representation if the defining weight ω is non-quasianalytic and Φ maps the unit of M ω (G) to the identity operator I X on X. A systematic theory of n.q.a. representations has been developed recently by one of the authors [11] . Here, we collect some results from this theory needed for our present purposes.
Let Φ : M ω (G) → L(X) be an n.q.a. representation. The set
For a closed subset Λ ⊂Ĝ we denote by j ω (Λ) and k ω (Λ) the following ideals in L 1 ω (G):
f vanishes on a neighbourhood of Λ} and
If ω is bounded, then the subscript ω will be omitted and the ideals are taken in 
where Φ t is the image of the Dirac measure δ t under Φ and σ(Φ t ) is the spectrum of the operator Φ t .
The second assertion is referred to as "Spectral Mapping Theorem"; it extends a result of D'Antoni-Longo-Zsidó [6] for bounded representations.
We call a strongly continuous group representation T : G → L(X) non-quasianalytic if there exists an n.q.a. weight ω on G such that
cf. [19] . For a strongly continuous n.q.a. group representation T : G → L(X) we define the spectrum Sp(T ) of T as the set of all γ ∈Ĝ for which there exists a net {x α } of norm-one vectors in X such that
uniformly for t in compact subsets of G. The following functional calculus enables us to compute the spectrum of T from an appropriate n.q.a. representation. 
Moreover, the spectrum Sp(Φ) of Φ coincides with the spectrum Sp(T ) of T.
Thus the spectral theory for n.q.a. group representations is an extension of Arveson's spectral theory for uniformly bounded group representations [1] . It easily follows from Theorem 1.2 that the functional calculus Φ of a strongly continuous n.q.a. group representation T is non-degenerate. Thus by Theorem 1.1 (ii), the spectrum of T is non-empty if the underlying Banach space X is non-trivial. This fact is used in the proof of our main results below.
The Ditkin condition for certain subalgebras of
is a strongly continuous representation and satisfies R t ≤ 1 for all t ∈ G. Defining R µ f := f * µ, R extends to a norm-decreasing algebra homomorphism from M (G) to L(X), which will also be denoted by R. By definition, a semi-bounded weight is always non-quasianalytic.
Definition 2.2.
Let G be an LCA group and let R be the right translation representation of G on L 1 (G). Let S(G) denote the class of all Banach subalgebras A ⊂ L 1 (G) satisfying the following properties:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use [17] , [18] ) if it satisfies the above properties (i)-(iii) and the following stronger version of (iv):
This trivially implies property (v). Consequently, all Segal algebras belong to the class S(G). The following are examples of Segal algebras (see [16] , [17] , [13] ):
• The Wiener algebra
•
• 
The weight ω d is semi-bounded with constant K := 1 and generating subsemigroup
Let A be in the class S(G), with corresponding semi-bounded weight ω. The first three properties in Definition 2.2 imply that the right translation representation {R t : t ∈ G} is a strongly continuous group representation of G on A satisfying
It follows from Theorem 1.2 that R extends to an n.q.a. representation of M ω (G) on A, which will also be denoted by R. For this representation we have
Therefore, for all µ ∈ M ω (G) and f ∈ A,
In particular, the extended algebra homomorphism R : Proof. Choose a semi-bounded weight ω corresponding to A as in Definition 2.2.
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Let ψ ∈ ∆(A). It follows that for all
, and hence also in L 1 (G). Thus, the above inequality implies that ψ extends to an element in ∆(L 1 (G)) =Ĝ. This proves the inclusion ∆(A) ⊆Ĝ. The converse inclusion is obvious.
Recalling that the Gelfand tranform for L 1 (G) is just the Fourier transform, the semisimplicity in (ii) follows from the uniqueness theorem for the Fourier transform. To prove regularity, let γ ∈Ĝ and Λ ⊂Ĝ with γ ∈ Λ. By the regularity of
h(γ) = 1 andĥ |Λ ≡ 0. This implies the regularity of A.
For the proof of (iii) we note that the ideal 
It follows from the strong continuity of R that F, R t g = 0 for all t ∈ G and g ∈ A. This implies that F = 0.
To prove (iv), let I be a translation invariant closed subspace of A. Let f ∈ I.
, it follows that f * g ∈ I for all g ∈ A, and thus I is a closed ideal of A. For the converse assertion, let I be a closed ideal of A. To show the translation invariance of I we first adopt the fact that A has approximate units, which will be immediately established in (v). Let f ∈ I. We choose g n ∈ A such that f − f * g n A → 0 as n → ∞. Let t ∈ G. Then
Since R −t (g n ) ∈ A and I is an ideal, f * (R −t (g n )) ∈ I for all n. It follows from the closedness of I that R t (f ) ∈ I.
To prove (v), let f ∈ A and fix ε > 0. By Definition 2.2 (iii) there exists a neighbourhood V of the unit e ∈ G such that the Haar measure |V | of V is finite and
We have
Thus for h * f ∈ A we have
This implies (v).
Proposition 2.4 (iii) implies that an algebra A in the class S(G) satisfies Ditkin's condition at infinity. Next we will show that it satisfies Ditkin's condition at every point γ ∈Ĝ = ∆(A). For this we need some auxiliary results. First we recall that there exist left invariant means on l ∞ (S) whenever S is an abelian semigroup [7, 
Proof. Let K be the constant and S be the subsemigroup corresponding to the semi-bounded weight ω given by Definition 2.2. By the Hahn-Banach theorem we can extend ψ to an element ψ ∈ (A/C) * . Let φ be an invariant mean on l ∞ (S). Since
is in l ∞ (S), and thus
defines a linear functional on A with Ψ ≤ K ψ . For s, t ∈ S and f ∈ A we have
It follows that
where in the last equality we use the left invariance of φ. In other words, R * s Ψ = γ(s)Ψ for all s ∈ S. Applying R * −s to both sides, we also have R * −s Ψ = γ(−s)Ψ, and therefore R *
Let g ∈ k({γ}) ∩ B. Then, Ψ(g * f ) = 0 for all f ∈ A. By Proposition 2.4 (v), g is in the norm closure of g * A. Hence Ψ(g) = 0. Our assumptions on γ and ψ imply
for all s ∈ S. Thus
which completes the proof.
Next we recall an extension of Gelfand's theorem due to Atzmon [2] : If T ∈ L(X) is invertible and satisfies
Lemma 2.6. Let ω be a semi-bounded weight on the LCA group G and let T : G → L(X) be a strongly continuous group representation such that T t ≤ ω(t) for all t ∈ G. If γ ∈ Sp(T ) is an isolated point, then there exists 0 = x * ∈ X * such that
, and thus, by Theorem 1.1 (i),
Hence, the operator P := T f0 is a projection, and for the spectrum of the subspace representation T P X we have Sp(T P X) = {γ}.
From the Spectral Mapping Theorem 1.1 (ii) applied to T P X we conclude that σ(T t P X) = {γ(t)} for all t ∈ G.
Let K be the constant and S be the subsemigroup corresponding to ω. Then, for s ∈ S we have T ns P X ≤ K and log
as n → +∞. Applying Atzmon's theorem to the operators T s P X, we find that
Since S − S = G, this identity holds for all s ∈ G. It follows that
Choose y * ∈ X * such that x * := P * y * = 0. Then
A slightly more general result is proved in [11, Theorem 3.1.8].
Our main result now reads as follows.
Theorem 2.7. Let A be a Banach algebra in the class S(G). Let Λ ⊂Ĝ be a closed subset whose boundary ∂Λ is scattered. Assume
As a consequence, Λ is a spectral set for the Banach algebra A in the sense that
and A is a Ditkin algebra.
Proof. Consider
Then B and C are translation-invariant ideals of A with C ⊆ B. By Proposition 2.4 (v) we have f ∈ B. We will show that f ∈ C by proving that B = C. Consider the quotient space X := B/C. Let ω be a semi-bounded weight as in Definition 2.2. The translation representation R of G on A derives a strongly continuous group representation Q of G on X by
here we write [g] for the class g + C. Clearly,
Furthermore,
We will show that X = {0} by checking that Q has empty spectrum.
Assume for a contradiction that X = {0} and thus Sp(Q) = ∅. To compute the spectrum of Q we note that Q g = 0 for all g ∈ j ω (Λ). It follows that
We want to show that Sp(Q) is contained in the boundary ∂Λ. To see this, let γ be an interior point in Λ. Then, by the regularity of L Therefore Sp(Q) is a non-empty scattered set, since ∂Λ is scattered by assumption. Let γ 0 be an isolated point in Sp(Q). Applying Lemma 2.6 to Q, we find 0 = ψ ∈ X * such that Q * t ψ = γ 0 (t)ψ for all t ∈ G, i.e., ψ(Q t Note that f * h ∈ k({γ 0 }) ∩ (f * A) ⊆ k({γ 0 }) ∩ B for all h ∈ A. Thus ψ([f * h]) = 0 for all h ∈ A, and hence ψ = 0, a contradiction. This proves the first assertion. It follows that A satisfies Ditkin's condition at every point γ ∈Ĝ. As we have seen before, A also satisfies Ditkin's condition at infinity. Hence, A is a Ditkin algebra. Note that non-semisimple quotients arise when A = L 1 (G) where G is a nondiscrete LCA group and I = j(Λ) for some non-spectral set Λ ⊂Ĝ. The existence of such ideals is the well-known theorem of Malliavin [15] . In this situation Johnson's uniqueness theorem for semisimple Banach algebras cannot be applied.
